The Weibull distribution is a probability density function (PDF) which is widely used in the study of meteorological data. The statistical analysis of the wind speed v by using the Weibull distribution leads to the estimate of the mean wind speed v , the variance of v around v and the mean power density in the wind. The gamma function Γ is involved in those calculations, particularly ( )
1 2 k Γ + and ( ) 1 3 k Γ + . The paper reports the use of the Weibull PDF f (v) to estimate the gamma function. The study was performed by looking for the wind speeds related to the maximum values of f (v) , v 2 f (v) and v 3 f (v). As a result, some approximate relationships were obtained for ( ) 1 1 k Γ + , ( ) 1 2 k Γ + and ( ) 1 3 k Γ + , that use some fitting polynomial functions. Very good agreements were found between the exact and the estimated values of ( )
Introduction
A growing interest in renewable sources of energy is observed, owing to the increase in electricity demand and the world environmental concern. Due to its cleanness, wind energy becomes more and more attractive. A Wind Energy
Conversion System (WECS) produces electricity from wind power. The production price depends on several factors. One of those factors is the amount of wind available at a site. Therefore, a reliable estimate of wind energy potential at a selected site is important. For wind energy applications and more generally for weather forecast, wind speed is analysed. Samples are set out from real recordings of wind speed. Then the fitting parameters are looked for to find the distribution that fits the best the data recorded. Several probability density functions (PDF) are used in the study of meteorological data, such as the 2-parameter Weibull distribution, the 3-parameter Weibull distribution or the mixture Weibull distribution which are widely used in wind energy potential analysis. This Weibull model is often used for the assessments of the mean wind speed and the mean power density. It is worth noting that the gamma function is involved in those assessments. The Flexible Weibull Extension is also used to study the distribution of random variables [1] . The beta PDF is also used in the study of meteorological data. All those PDF calculations use the gamma function. This gamma function is also very important because it is involved in several Laplace transform calculations. The Laplace transform is a tool for solving differential equations. Let a function f (t) be considered. Its Laplace transform is defined as [2] :
For instance, if
( ) x f t t = , one gets, for a real number x > −1
In Equation (2), Г is the gamma function. So far, some tables exist, that give approximate values of the gamma function. The objective of the present work is to find some simple expressions of the gamma function, linked to a fitting parameter of the Weibull PDF, which may be used in wind power estimate and in the study of other meteorological data.
The Gamma Function and Some Related Special Functions
The gamma function was first introduced by Leonhard Euler in 1729 and 1730 [3] [4] [5] [6] Euler defined this function as follows:
When the following change of variable ( )
is performed, the gamma function becomes:
For x > 0, the above relationship can be written as:
From Equation (5), integration by parts yields the following recursion formula, commonly known as the functional equation: 
When x is an integer number, the functional equation becomes:
( ) 1 ! n n Γ + =. (7) Hence, the gamma function can be considered as a generalization of the factorial function to real non null positive numbers.
The gamma function is often approximated by infinite products or infinite series. For instance, the Weierstrass definition defines the gamma function as an infinite product [7] :
x is any real number which should not be a negative integer ( 0, 1, 2, − −  ). γ is the Euler's constant.
For large integer values n, the Stirling formula is used. It is expressed as: 
The eulerian beta function B(x, y), x > 0, y > 0 is related to the gamma function. It is expressed as:
The gamma function and the beta function are related by the following equation:
The beta function is often used in the statistical analysis of sunshine duration data and in other meteorological data, such as the wind speed [9] [10] [11] [12] .
In those studies, the probability distribution function of a random variable x which ranges from 0 to 1, may be expressed as a beta kind and expressed as:
p and q are the fitting parameters of the beta PDF.
The revue made above shows that, so far, no simple expressions of the gamma function are known. As a matter of fact, the values of the gamma function are found in tables, where the arguments lie on the interval [1] [2] with an increment of 0.001 [7] .
The 2-Parameter Weibull Distribution and the Gamma Function
For a given wind speed v, the 2-parameter Weibull distribution is expressed by the following probability density function (PDF) [13] : 
k is the dimensionless shape parameter whereas c (m•s −1 ) is the scale parameter. This Weibull distribution has been used by several authors. For instance, Manish Kumar and Cherian Samuel [14] considered in their study the Weibull, Gamma and Lognormal probability distributions to look for the best-fitted distribution. The result showed that, for the wind speed data of their selected site, the Weibull distribution is the best-fitted distribution.
These fitting parameters k and c are determined by using several procedures such as the regression method [15] [16] [17] , the maximum likelihood procedure [18] [19] and the Eigen-coordinates method [20] . The nth moment of the Weibull random variable v is expressed as:
Then the first moment (which is the mean speed) v and the second moment 2 v are expressed as:
Hence v and 2 v are functions of k and c, as well as the variance σ 2 of the wind speed v around the mean speed, which is given by
On another hand, the theoretical wind power density is expressed as
, where ρ is the density of air. Then the average wind power density is given by:
Equation (15) shows that the Weibull distribution f (v) may be used to estimate ( ) 1 n k Γ + which is involved in the wind energy potential assessment.
Some Simple Expressions of the Gamma Function

Some Previous Works Related to the Subject
Some previous works establish a direct link between v and k. An example is the formula given by Justus in 1978 for 140 sites in the USA [21] It is expressed as:
k is the Weibull shape parameter; the constant d 1 is site specific. Equation (19) is a relation between the mean speed v and the shape parameter k.
Another interesting relationship is the one given by Gash and Twele. It is expressed as [22] :
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This relationship is interesting because, like Equation (16), it expresses the mean speed v as a function of the Weibull fitting parameters k and c.
Hence, the reliability of Equation (20) was tested by using the data that we reported in our previous study of wind power potential in Côte d'Ivoire (TOURE and LAOUALY, 2000) . An estimated value c v of the mean wind speed was calculated by using Equation (20) with the Weibull parameters k and c found for Korhogo, a city located in the north of Côte d'Ivoire. Table 1 
Equation (21) can be transformed as follows:
Then one gets
In Equation (23), b = 0.287/0.688. Moreover, a fitting number a is introduced, by expressing 0.688 1/k as:
As a matter of fact, the fitting number depends on k. Hence a (k) was defined as:
Finally, the transformation of Equation (21) leads to the following relationship:
Then investigations were made to find how Equation (25) can be used as a basis to find some simple expressions of ( ) 
The Weibull distribution f (v), given by Equation (14), was used to find an esti-S. Touré Journal of Applied Mathematics and Physics mate of ( )
. The value of the wind speed v for which f(v) is maximum, v mp , is a solution of the equation
It is easily found that ( )
v mp and the mean wind speed v given by Equation (16) are correlated. For instance, in the case of the Rayleigh distribution, for which k = 2, one gets
Therefore, Equations (16) and (27) suggest a link between ( )
. This link was established by using Equation (25), so that one gets:
A comparison between Equations (25) and (28) shows that, b = b (1) = −1. As ( )
is the value of ( ) 1 n k Γ + for n = 1, a 1 (k) is the fitting number a (k) for n = 1. b (1) = b = −1 is the value of b (n) for n = 1. The fitting number a 1 (k) was investigated.
For each value of k, the exact value of ( )
was calculated by using tables. Then by using Equation (28), a 1 (k) was found. Subsequently, a 1 (k) was plotted against k.
This plotting is given in Figure 1 . It was found that a 1 (k) is a polynomial function of k. The following relationship was found for k ≤ 8, with R 2 = 0.999: Table 2 . A fairly good agreement is observed between experimental values of <v> and the calculated values gotten by using Equation (30), as the relative errors lie in the range 0.1% -4%. It should be noted that the relative errors found for the comparison between the experimental values of v . and the values calculated g by using the relationship of Gash and Twele (Equation (20)), lie in the range 1.5% -3.5%, as shown in Table 1 .
( )
Hence, the estimate of the mean speed v is better by using Equation (30), if compared with the results gotten from the Gash and Twele equation. By using Equation (30), as shown in Table 2 , the greatest values of the relative errors are found in July (2.6 %) and December (4.0 %). As a matter of fact, for those two months, the Weibull parameter k is so that k ≥ 7. For the remaining ten months, where k < 7, the relative errors lie in the range 0.1% -1.6%.
Let G t and G e be respectively the value of ( ) 1 1 k Γ + calculated from tables (the exact value) andits estimated value gotten by using Equation (28). A comparison between G t and G e was made. The results of the calculations are displayed in Table 3 , where the calculations are made for k ≤ 6. Table 3 shows a very good agreement between G t and G e , since the relative errors lie in the range 0.16% -1.5%.
Hence, Equation (28) is a very good estimate of ( ) (v) . For that purpose, the wind speed for which v 2 f (v) is maximum was looked for. This wind speed is obtained for
The solution of Equation (31) is given by
Equations (15) and (32) suggest a link between ( )
By introducing a fitting number a 2 (k), ( )
In Equation (33), a 2 (k) is the fitting number for n = 2; b (2) = +1 is the value of b (n) for n = 1. For each value of k, ( )
was calculated by using tables. Then a 2 (k) was calculated from Equation (33). Figure 2 is a plotting of a 2 (k) against k.
The following polynomial function was found (R 2 = 1), for k ≤ 6: ( ) 
In order to test the reliability of Equation (33), G t the exact value of ( ) 1 2 k Γ + calculated from tables and G e , its estimated value gotten by using Equation (33) were compared. The results of the calculations are displayed in Table 4 , where the calculations are made for k ≤ 6. A very good agreement is found between G t and G e , since the relative errors, which lie in the range 0.01% -0.76% are all below 1%. It shows that Equation (33) is a very good estimate of ( )
The third moment, obtained from Equation (15), was used to investigate ( )
. Hence, the investigation was made by using the product v 3 f (v). The wind speed for which v 3 f (v) is maximum was looked for. It is given by the following equation:
The following solution of Equation (35) was obtained:
In the study of the power curve of a wind energy conversion system, v r is deemed to be the rated wind speed [21] . As in the previous cases, Equations (15) and (36) suggest a link between ( ) Figure 3 shows a plotting of a 3 (k) against k.
The following polynomial function was found with R 2 = 0.999, for k ≤ 6.5:
( ) 
The reliability of Equation (37) was tested. The exact values of ( ) 1 3 k Γ + , G t , calculated from tables and the estimated values G e gotten by using Equation (37) were compared for various values of k. The results are displayed in Table 5 , where the calculations are made for 2 ≤ k ≤ 6. A very good agreement is found between G t and G e , since the relative errors lie in the range 0.075% -1.47%. Journal of Applied Mathematics and Physics 
In Equation (40), n is an integer number and b is a function of n. The corresponding values of b are b (1) = -1; b (2) = +1; b (3) = +2. The fitting number a n (k) is a polynomial function of k. It is expressed by Equations (29), (34) and (38) for n = 1, n = 2 and n = 3 respectively.
A comparative evolution of a 1 (k), a 2 (k) and a 3 (k) with k is given in Figure 4 . allows the calculation of ( )
Conclusions
. In all the three cases, a polynomial fitting function a n (k) was found, with a very high coefficient of determination R 2 . Very good agreements were found between the exact and the estimated values of ( )
The simple expression reported in the paper may be used in wind power theoretical estimate, for the estimation of the mean wind speed v , the variance σ 2 of the wind speed v around the mean speed and the average wind power density. The goodness of the estimate of the gamma function, by using Equation (40), depends on the value of the shape parameter k. Very good estimates are gotten for k ≤ 7. For values of k up to 12, the estimate remains good, with relative errors not greater than 5%.
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